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On the unitary representations of the afhne ax + 6-group, 
s/(2,R) and their relatives 

Anton M. Zeitlin 


Abstract. This article focuses on two related topics: unitary representations 
of the loop ax + 6-group and their relation to a loop version of the F-function 
and the construction of continuous series for the s/(2, M)-algebra. Mainly this 
is a survey of some results obtained by the author and in collaboration with 
LB. Frenkel, alongside with the motivation for them from the physical and 
mathematical points of view. 


1. Introduction 

Recently, the continuous series of unitary representations of Uq{sl{2,R)) were 
constructed [28], [6], so that this set of representations is closed under the tensor 
product [25], generating a ’’continuous” tensor category. These representations 
are constructed via the representations of quantum plane and do not have the 
classical limit. The representation theory of the quantum plane is very subtle 
(see e.g. [18], [10]) and is related to the properties of quantum dilogarithm. In 
[18] it was shown that the representations of quantum plane and furthermore, 
the intertwining operators of the tensor product representation have a classical 
limit, where they correspond to appropriate objects in the representation theory of 
the ax + 6-group, the afhne group of the line (below it is denoted as G). In the 
work of LB. Frenkel and H.-K. Kim [10] it was shown that basic structures from 
the quantum Teichmueller theory [1] can be derived from the tensor products of 
the representations of the quantum plane, which is very important for the proper 
understanding of the Chern-Simons theory associated with SL{2,'R) (see below for 
more details). 

One important problem to think about is the construction of the afhne analogue 
of the above formalism. Namely, one of the main problems for investigation would 
be to generalize the Kazhdan-Lusztig equivalence of categories [21], [5] to the case 
of the quantum plane and Uq{sl{2,M.)). It was conjectured in [11] by LB. Frenkel 
and the author, that there exists a braided tensor category of representations of the 
afhne algebra slk{2, K), equivalent to the braided tensor category of the mentioned 
above continuous series of Uq{sl{2,M.)). 

One fact supporting this conjecture is that there exists a category of representa¬ 
tions of the Virasoro algebra related to Liouville theory [26], [29], which is equivalent 
to the mentioned category of representations of the Virasoro algebra. Therefore, 
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the corresponding category of representations of the affine algebra slk{2,M.) is a 
missing piece in this equivalence of categories. 

However, a first natural problem to solve is to find unitary representations for 
the ax + 6fc-group, the loop version of the aa; + &-group with central extension (with 
central charge k) for the a-subgroup, and compare them and their tensor structure 
with the representation theory of quantum plane. 

In [33] the representation theory of the loop counterpart of the ax + 6-group 
(HG) and its central extension (G) were studied. There the unitary representations 
of G are constructed, which naturally generalize the irreducible representations of 
G. 

It is known that the irreducible unitary representations of G divide into three 
classes (up to equivalence). The first two classes contain infinite-dimensional repre¬ 
sentations and there is only one representation in each class, however the third class 
consists of I-dimensional representations, labeled by the real parameter. The infi¬ 
nite dimensional representations of G can be realized in the Hilbert space L^(]R+, ^). 
These representations are produced by the canonical construction of induced rep¬ 
resentations. This classical material is surveyed in Section 2.1. 

However, in the case of the loop aa;-|-6-group the situation is more subtle. In [33] 
the space with respect to the Wiener measure is considered as a representation 
space of G. The constructed unitary representations of G are labeled by a certain 
function. It is proven in [33] that certain representations in this class (e.g. when 
this function is constant) are irreducible. We review these results in Section 3. 

An interesting issue studied in [33] is based on the mentioned relations of the 
representations of group G and the theory of special functions. It is known that 
the representations of G are related to the T- and B- functions (see e.g. [31]). 
Therefore, one may hope to construct their loop counterparts while studying the 
associated loop group. In [33] the first step in this direction is made. It is known, 
that one can relate (via the bilateral Laplace transform) the action of the group 
element of representation of G in the representation space with the integral oper¬ 
ator, so that its kernel is expressed via the T-function. In [33] the loop analogue 
of the T-function was defined, considering similar arguments applied to G. It is 
a functional on the space of paths, which we denote as T^, depending on some 
continuous function //, such that /r(it) > 0 on [0, 27r], and has a property which 
generalizes the famous property of the T-function, T(a: -1- 1) = xT(a;): 

p27T p2-K 

/ g{v)^i{v)t ^{z + 5y)dv = / g{v)z{v)dvt ^{z) + 

1 /*27r r 

(1) T / g"{v)^t^{z)dv, 

t Jq dz{v) 

where g{v) is any twice differentiable function on [0, 27r], such that g(0) = g{2Tr) = 0, 
Sy = d{u — u) is a delta-function on the interval [0, 27r] and t is the parameter of the 
Wiener measure. We describe this construction of the loop T-function from [33] in 
Section 4. 

It is known (see e.g. [18]) that the unitary representations of G are closed under 
the tensor product and there are three types of ’’simple” objects in the category 
of unitary representations of G. It appears that their tensor products decompose 
as direct integrals of these ’’simple” objects. Using the principles discussed in the 
beginning of this section, it is expected to have the braided tensor category for 
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G, where the braiding is related to the value of the central charge. One can also 
hope to obtain a differential equation governing the intertwining operators, i.e. the 
analogue of the Knizhnik-Zamolodchikov equation. 

However, the results related to the ax + 6fc-group are only part of the main 
task, namely the construction of the continuous series of unitary representations of 
s4(2,K). 

Unfortunately, the standard approach of inducing representation of slk{2,M.) 
wouldn’t fit the construction, since the resulting modules appear to be nonuni¬ 
tary. It turns out one can use the results obtained in [33] to construct new mod¬ 
ules for s4(2,M) by means of the Wakimoto-type formalism, using the ’’currents” 
corresponding to the Lie algebra elements of (ax -I- b)k and infinite dimensional 
Heisenberg algebra free fields. This was done in [11], inspired by the formalism of 
[12]. It turned out that the correlators of the resulting s4(2,K)-currents, dehning 
the pairing in the representation, diverge, and therefore we had to describe the 
scheme of eliminating those divergencies. This leads to a very interesting graphical 
formalism, similar to the Feynman diagram technique, where the divergences cor¬ 
responded to 1-loop graphs. The regularization scheme involves dependence on the 
infinite family of parameters: one parameter for each loop with a given number of 
vertices. These modules were called continuous series for slfc(2,R) in [11], since the 
described above Wakimoto-type realization is a natural affinization of certain real¬ 
ization of standard continuous series of s/(2,R). These representations are labeled 
by the continuous parameter arizing from the highest weight of the Fock module of 
the infinite-dimensional Heisenberg algebra. One can generalize this construction 
of continuous series to the higher rank case, using similar procedure, that works 
for quantum groups, introduced in [9]. We describe the construction of the above 
slfe(2,R.) representations from [11] in Sections 5 and 6 of this paper. Section 5 is 
devoted to the construction of Wakimoto-like modules, inspired by the construc¬ 
tion of the standard continuous series of sl(2,R), sketched in Sections 2.2 and 2.3. 
Section 6 is devoted directly to the construction of the slfc(2, R)-modules of [11] 
using regularization and graphical calculus. 

An important question one can immediately ask is for which values of reg¬ 
ularization parameters the resulting representations are unitary. Answering this 
question will involve studying the resulting bilinear form and analyzing it using 
the graph formalism that was a cornerstone of the definition of those representa¬ 
tions in [11]. However, we do believe that finding the representations forming a 
braided tensor category will single out the necessary family of unitary representa¬ 
tions. Therefore the next question to ask is what are the intertwining operators for 
the proposed tensor category. One of the ways to do that is to construct them in a 
similar fashion as in the Virasoro case [26], [29]. 

There is an interesting physical perspective on the proposed tensor categories 
discussed, since currently the study of Chern-Simons theories with noncompact 
gauge groups has become very important from the point of view of both mathe¬ 
matics and physics, see e.g. [4] for a review. In particular, it was argued since 
the late 80s [30] that the canonical quantization of 5'L(2,IR) Chern-Simons theory 
is connected with both the quantum Teichmueller theory [1], which is related to 
the representation theory of the quantum plane and the Liouville theory, related 
to representation theory of C/q(s/(2, R)). It is known that the Liouville theory can 
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be obtained from the SL{2,M.) WZW theory by means of the Drinfeld-Sokolov re¬ 
duction. At the same time, the study of Chern-Simons theory with the compact 
gauge group G showed, that its space of states in the presence of Wilson lines is 
isomorphic to the space of conformal blocks of the WZW model associated with G 
[32]. Therefore, we may expect that this works for noncompact Lie groups too, and 
the construction of the continuous series of unitary representations of sZfe( 2 ,]R) will 
provide an important link between the quantum Teichmueller theory, the SL(2,'R) 
Chern-Simons, the SL{2,R) WZW model and its reduction, the Liouville theory. 

In the end of this introduction let us summarize shortly for convenience the con¬ 
tents of this paper. In Section 2 we gather some standard facts about the unitary 
representations of ax -I- &-group and s/(2,R) Lie algebra. In Section 3, we describe 
some unitary representations of the loop ax + 6 -group, which are generalizations 
of the ones considered in Section 2. Section 4 is devoted to the construction of a 
loop analogue L-function, which appears naturally from the representations of loop 
acc-I- 6 -group. Section 5 is devoted to the study of auxiliary current algebras, which 
we will use in Section 6 to construct representations of sl{2,M.). 

Acknowledgements. I am indebted to Igor Frenkel for proposing the areas de¬ 
scribed in this review and for our fruitful and pleasant collaboration. I am very 
grateful to the organizers of the Southeastern Lie Theory Workshop for inviting me 
with a talk and stimulating discussions. I am indebted to the referee for her/his 
comments and to Antonina N. Fedorova for careful reading of the manuscript. 

2. Unitary representations of the affine group of a line and the related 

realizations of s/( 2 ,R) 

2.1. ax -I- 6-group and F-function. In this subsection we remind the reader of 
all the necessary facts (for more information and references one can consult [31], 
chapter 5) about the unitary representations of ax + 6 -group, which is the affine 
group of the real line. In other words, each group element g = g(a, 6 ) is determined 
by the pair of real numbers a, 6 such that a > 0. The composition law is defined 
as follows: ^(ai, 61 ) 3 ( 02 , 62 ) = 3 ( 0102,0162 + 61 ). In the following we will call this 
group G. 

The unitary representations of this group are constructed by means of the 
method of induced representations. Let us consider the representation rx of the 
subgroup B of G generated by 3 ( 1 , 6 )-elements, such that rA( 3 (l, 6 )) = (here A 
is complex). Then according to the construction of induced representations we have 
to consider the space of complex valued functions on G, i.e. f{g{a, 6 )) = /(a, 6 ) 
such that 

( 2 ) /(a, 6 -f 60 ) = 6^''“/(«,&)■ 

Therefore f{a,b) = e^^/(a,0) i.e. the function / can be expressed in terms of the 
function (j){a) = f[a, 0) on the subgroup A generated by 3 ( 0 ,0)-elements. Then the 
operator of induced representation Rx acts on f[g) as Rx{go)f{g) = /( 330 ), and 
the resulting formula for representation on the functions </(a) is: 

(3) Rxigo)Ha) = e^“^“(/)(aoa), 

or, in other words, since the space of functions is just a space of functions on the 
ray 0 < a: < 00 , we have Rx{g)4’{x) = e^^^(j){ax). One can consider the invariant 
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measure on A, it is just Then the following theorem is valid [31], 

Theorem 2.1. ij Representation R\ of G is unitary on L^(]R_|_, if X G iM. 
a) Representations R\ and ReS\ are equivalent if f € M. 

Hi) Consider a semigroup G^(resp. G-), consisting of such g{a,b), that b > 0 
(resp. b < 0). Then R\ with A € C, such that ReX < 0 (resp. ReX > Q) is a 
representation for G+ (resp. G-) on L^(R+, ^). 

As a consequence, one can see that there are only three classes of unequivalent 
unitary representations Ry. R±i and i?o- The representations R±i are irreducible, 
while i?o decomposes into the direct integral of 1-dimensional representations Tp, 
such that Tp[g(a, b)) = One can show that any other irreducible representation 
of G falls into one of the classes R±i, Tp. 

In order to generalize representations R\ to the loop case, it is useful to consider 
another form of the representations R\. Namely, instead of the space L^(K+, 
one can consider L^(R, dt) = L^(IR), by substitution x = e*. Therefore, the formula 
for the representation R\ can be rewritten as follows: 

( 4 ) R^{g{e^,b))f{t) = e^^^^"f{t + a), 

where / G L'^{'R,dt) and we represented a as e“. 

Now we discuss the relation of the representation R\ and T-function. It is 
well known, that the bilateral Laplace transform (or the Fourier transform in the 
complex domain) 

(5) Cf{p) = ^ / e^^^f{t)dt, 

V 47r Jr 

where p is a complex number, has the inverse: 

( 6 ) [ e-^P*g{p)dp, 

\l l-K jR+iT 

where T is a real number, so that the contour of integration is in the region of 
convergence of gfp). Therefore, if one can make sense of CR\C~^, it gives us a 
representation, equivalent to Rx. Let V C L^(M) be the space of C°° functions 
with finite support. 

Proposition 2.1. [31] The bilateral Laplace transform of an element of T) is an 
analytic function in the entire complex plane of the exponential type, i.e. \Cf{x + 
iy)\ < where C > Q, b > 0. At the same time, the inverse Laplace transform 

of such an analytic function belongs toT). Moreover, we have the following property: 

(7) [ \Cf{x+ iy)\'^dx < oo, 

Jr 

where f GV. 

We notice that V is invariant under the action of the operators R\{g). Let r( 2 ;) 
denote the T-function: 

poo 

r(z) = / 

Jo 


( 8 ) 


e-^x^-^dx. 
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Then we have a Proposition. 

Proposition 2.2. [31] i) Consider the action of the CR\{g)C ^ on CD, when 
g = g{a, b) G G+ and A < 0. Then 

(9) CRx{g)C ^f{ti) = — / T{iti-it 2 )a -) /(<2)dt2, 

zTT jR_|_io V a / 

where f is an analytic function on C of the exponential type. 

ii) One can analytically continue the expression above with respect to —Xb to all 
complex plane except for the negative real axis. 

2.2. A and K. algebras and their unitary representations. In the rest of this 
section we present a construction of continuous series of sZ(2,K) in a special way, 
which will be convenient for generalizations to the loop case. First, we construct 
certain modifications of the Lie algebra of ax + 6-group, which we call Al-algebra 
and /C-algebra: they have a similar algebraic structure, but different *-structure. 
The Al-algebra is an algebra with three generators: 6, e^, so that ih,ie~^ generate 
the Lie algebra of ax-|-b-group, however we make the b-subgroup generator e'^ to 
be invertible, so that the inverse element is e~. The commutation relations and the 
star structure are as follows: 

(10) [/i, e^j = ±ie^, = 1, h* = h, = e^. 

The generators h, of /C-algebra have similar commutation relations, but the 
star-structure is different: 

(11) [h,a^] = = 1, h* = h, a^* = oA. 

To construct the unitary representations of the above *-algebras, one can realize the 
generators 6, as unbounded self-adjoint operators in the Hilbert space 

of square-integrable functions on the real line L^(]R) as well as generators h,a^ 
as the operators in the Hilbert space of square integrable functions on 

the circle L‘^{S^). These generators acting on a specihc vector in the appropriate 
Hilbert space generate a dense set. More explicitly one has the following proposi¬ 
tion (see e.g. [ 11 ], Proposition 2.1). 

Proposition 2.3. i) Let Da be the space spanned by the vectors a ■ vq, where 
vq = e~*^ G L^(]R), / > 0 and a belongs to the universal enveloping algebra of A- 
algebra, such that the action of generators is realized as h = i-£^,e^ = e^^. Then 
Da is a dense set in L^(]R). 

ii) Let Dji be the space spanned by the vectors a ■ Vq, where Uq = 1 G L'^(S^) and 
a belongs to the universal enveloping algebra of IC-algebra, such that the action of 
generators is realized as h = where (j) G [0, 27r] is the angle coordi¬ 

nate on . Then Dk is a dense set in L^{S^,d4>) = L‘^{S^). 

2.3. Continuous series of s/(2,R) via A and AC algebras. First of all, let us 
introduce some notations. We are interested in unitary representations of s/(2,R) 
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algebra, i.e. Lie algebra with generators E, F, H such that 

[E, F] = H, [H, E] = 2E, [H, F] = -2F 

(12) E = -E*, F = -F*, H = 

We remind that there are two standard realizations of continuous series of sl(2,R), 
one is related to inducing the representations from the diagonal subgroup of sl{2, M), 
corresponding to the generator H, the other one is related to inducing representa¬ 
tions from maximally compact subgroup generated hy = E — F. It is convenient 
to introduce the following change of generators (which provides the correspondence 
between sl{2,R) and su(l,l)): 

(13) J^=E + FTiH, 

so that the relations (12) can be rewritten in the following way: 

[J^ J^] = ±2iJ^, [J+, J-] = -iJ^, 

(14) J+* = _J-, J3* = -J3. 

Now we will give two realizations of s/(2,R) via generators of A- and /C-algebras. 
Using ^-algebra, one can write down the expressions for E,F,F[\ 

E = + he'^) + iXe'^, 

(15) F = —-(e“/i-I-/ie“)-|-iAe“, 

H = -2ih, 

where A is a real parameter. Similarly, using /C-algebra, one can represent J^, J=*= 
in a similar way: 

J+ = ^(a+/i-b ha+) - Aa+ 

(16) J~ = —{a~h + ha~) + \a~ 

= 2ih 

Therefore the following theorem is valid (see e.g. [11], Theorem 2.1). 

Theorem 2.2. Let Da he the spaee spanned by the vectors a ■ vq, where vq = 
g-tx g L'^{M.) and a belongs to the universal enveloping algebra of sl{2,M.)-algebra, 
such that the action of generators is realized as in (15), so that h = 

Then Da is a dense set in T^(]R) and it is a representation space for sZ(2,R). 
ii) LetDji be the space spanned by the vectors a-vo, where tq = 1 G L'^{S^) and a be¬ 
longs to the universal enveloping algebra of si{2, M)-algebra, such that the action of 
generators is realized as in (16), so that h = i-^,e^ = where ^ G [0, 27r] = . 

Then Dk is a dense set in L'^{S^) and it is representation spaee for s/(2,R). 


3. Unitary representations of the path and loop versions of ax b- 

group 

Notation. In the following we will use several functional spaces, so let us fix 
notations. Let p, be the cr-additive measure on some space M. Then we denote as 
L^{M,dp] k) the Hilbert space of square-integrable complex-valued functions (here 
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k stands for C or R). Since in the most of cases we will deal with L'^{M,diJ,;C), 
we drop C, i.e. L'^{M,d^) = i^(M, d^;C). The space of real-valued continuous 
functions on the interval [a, h] will be referred to as C[a, b]. The space of real-valued 
absolutely continuous functions on [a, 6], i.e. differentiable functions from C[a, 6], 
whose derivative belong to L‘^{[a,b],dx;R), where dx is the Lebesgue measure on 
[a, h\ will be denoted as C"[a, h\. 

We introduce C'q[ 0, 27r], the Hilbert space of real-valued absolutely continu¬ 
ous functions, such that x(0) = 0 for any x G 27r]. The completion of 

C'Q[0,27r] is the Banach space C'o[0,27r] of real-valued continuous functions such 
that x(0) = 0 for any / G C'o[0,27r] (see Appendix). Finally, let C'o,x[0,27r] denote 
the closed subspace of C'o[0, 27r], consisting of real-valued continuous functions such 
that x{2Tr) = X for some A G R. 

3.1. Path groups and loop groups associated to G. In this subsection, we 
define all the path and loop groups, which we study in this article. All the necessary 
facts concerning the Wiener measure can be found in Appendix. 

At first we define the path group PG. Let us consider a set of elements of 
the form g{e°‘, 6), where a and b are real valued absolutely continuous functions on 
[0, 27r]. We can define the bilinear operation as follows: 

(17) 5(e“^&l)•ff(e“^62) = ff(e“^+“^e“l 62 + &l), 

where e°‘^b 2 stands for pointwise multiplication of the absolutely continuous func¬ 
tions e°‘^ and 62- It is clear that the operation is well defined and satisfies the group 
laws. Let us denote the group which is a set of all such elements g(e“, b) as PG. 

In the following we will sometimes need a to be in the Cameron-Martin space 
for the Wiener measure, so it is useful to introduce the based path group PqG C PG, 
generated by g(e“, b), where a(0) = 0. 

Similarly, one can define loop groups HG and HqG. The loop group HG C PG 
is generated by (e“,6), where a,b are such that a(0) = a(27r), b{0) = 6(27r), while 
the based loop group ^IqG = PqG r\ HG. 

Finally, one can define the central extended versions of HG (resp. HqG). Let 
us consider the elements g{e°‘,b,s), where s G R and (e“,6) G HG (resp. HqG). 
Then the multiplication law can be modified in the following way: 

ff(e“b&i,s) •5(e“^62,^) = 

(18) g(e“^^“^, e“^&2 + ^1, i + s + / ai{u)a'2{u)(iu), 

Jo 

where fc G R. We denote the corresponding group G (resp. Go) and we will refer 
to k as central charge. 

3.2. Unitary representations. In this subsection, we will describe the unitary 
representations of both PG and HG, as well as their subgroups PqG and HqG, which 
are the appropriate generalizations of the unitary representations of G, considered 
in Section 2. 

We will start from PqG and use the same approach as before, i.e. we will use 
the method of induced representations. Let us take one-dimensional representations 
of the H-subgroup (i.e. subgroup of elements of the form g{l,b)) of the form 
fx{g{l,b)) = eJo where A G L^[0, 27r]. Following the method of induced 
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representations, like we did in the case of group G, we arrive to the following formula 
for the representations on the space of functionals on the A-subgroup: 

(19) Rxig{e^°,bo))f{a) = ^ 

However, in order to make these representations unitary one needs to define the 
proper inner product on the space of functionals. To do that, one has to consider 
the Wiener measure (see Appendix). It is not invariant under translations, so one 
should improve the formula for the representations in order to make them unitary. 
Let us consider the Hilbert space = L^(Go[0, 27r], dw*; C). The following state¬ 
ment is true. 


Theorem 3.1. The following action of PqG on the space of functionals of contin¬ 
uous functions 


( 20 ) 


PA( 5 (e“,&))(/)(x) = 

So"’ a'{u)a'{u)du-f^ a'(u)dx(u) A(M)6(M)e'"<"'du 


defines the unitary representation of PqG on iff iX{u) € L^([0,27r];] 


Proof. First we prove that this action is actually an action of a group, i.e. 
P\{g{e°’Gbi))px{g{e°'^,b 2 )) = PA(5(e“l+“^e“i62 -b h)). We check it, writing the 
explicit expressions: 


Px{g{e°‘\bi))pxig{e‘^\b2))f{x) = 

pxigie°‘^ ,bi))(e~^ If" a^(u)dx(u) 

e/o" A(«)62(«)e“=(’')du^(^ ^ 

Q-it So” a2{u)a2{u)du-f^ a'i{u)a[(u)du-a[(u)a[{u)du 

g-fi fo"’(‘^iG)+°^2G))<i^G)gfo"’ A(tt)( 62 (M)e“i<“W 6 i(u))e“’(“)du_j_ — 

(21) px(e^^+^^,e^^b2 + b,)f(x). 


Now we prove that the action px defines a unitary representation for PqG. In 
order to do that we just need to use the definition of unitarity and the translation 
invariance property of the Wiener measure: 


(PA(ff(e“, b)){f),pxigie°‘, b)){h))H^ = 


/Co[0.27r] 


px{g[e°‘,b)){f){x)px{g[e°‘,b))(h){x)dw {x) = 


f e-* a'(-)«'G)da-i It a'(«)dx(«)^(^ ^ ^ a)dw\x) = 

JCn [0,27rl 


( 22 ) 


/Co[0.27r] 

f{x)g{x)dw{x) = {f,g)H^. 


Thus the theorem is proven. 


In the following we will denote representations px{g{e°‘, b)) = PA(e“, b). 

Using the same steps as in the proof of the theorem above, one can show that 
analogous fact for the Hilbert space = L^(Go,x[0, 27r], C) and group 

HoG is true. 
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Proposition 3.1. i) Formula (20) defines a unitary representation of ilgG on 

H0,x 

a) Representation on is equivalent to the representation of p^fy^ on 

, where rj is absolutely continuous, r]{0) = 0, ri{2Tr) = Xi — X 2 . 

Therefore, all representations p^ are equivalent to the representations p),^^ on = 
i^(C'o,o[0,27r], dw*; C), where ^ is absolutely continuous, ^(0) = 0,5(27r) = X. 
Moreover, one can show that this equivalence does not depend on the choice of 
such 

However, we note here, that since HqG C PqG, the Hilbert space Hp is a rep¬ 
resentation space for HqG too. Therefore we have a Proposition, arising from the 
direct integral decomposition of Hp. 

Proposition 3.2. The representation p\ ofiloG on Hp is the direct integral of the 
representations offloG: 


(23) 


P\ 



PxdX, 


where p^ is equivalent to p\^ such that Xx = e^X, ^ G G'[0,27r] and ^(0) = 0, 

a27r)=X. 


In order to define the representation of PG and HG, one needs to extend the Hilbert 
space, i.e. one has to consider the Hilbert spaces Hp = T^(Go[0,27r] 0 R, die* x 
dxo',C) and Hi = L^(Go,o[0, 27r] 0 R, dw* x da;o;C), where dxo is the Lebesgue 
measure on R. We also note that every element (e“,&) of PG (resp. flG) can 
be represented as (e“,6) = (e““e“,6), where oq = a(0) and a(0) = 0. Then the 
following theorem is true. 

Theorem 3.2. i) The following action of the group element g{e°‘,b) on the space 
of functionals of x{u),xq: 


(24) 


pP\{e°‘,b){f){x,Xo) = 

Q-it IS" a'{u)a'{u)du-X /(f" 


X{u)b{u)e-'--^+-Oduj^^ + a, Xq + Oq) 


defines a unitary representation of PG on the Hilbert space Hp iff X € iL^([0, 27r]. 
ii) The formula (24) defines the unitary representation p\ of HG on the Hilbert 
space Hi iff X fT^([0, 27r]; R). 

Note, that the representations pf), p\ are equivalent to pf(tx^ p\tx correspondingly, 
for any t G R. In particular, in the case when A = const there exist only three 
inequivalent classes of unitary representations of PG (HG), corresponding to po, 
Pi, p-i respectively, like it was in the finite dimensional case. 

3.3. Central extension and Lie algebra generators. In this subsection, we 
will construct the unitary representations of groups G on id;. Let (e“,6, s) be an 
element of G. Let us consider the following action of this element on the function 
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Hi: 


(25) 


6, S))if)ix, To) = ■I'o^ a'(^)a'(^)d«-i a'(«)dx(«) 

a(a)dx(a)g/=- A(«)6(«)e"(“)+-0d„^(.^ <5, Tq + Clo). 


Theorem 3.3. Formula (25) defines a unitary representation of G for the cen¬ 
tral charge k G M., and A G iL^([0, 27r]; R). The representation ^ is equivalent 
to p\]^ iff is any absolutely continuous funetion on [0,27r], such that f{0) = f{2Tr). 


Ignoring xg dependence in (25), one can define the unitary representation of 
Go on for which we will keep the same notation We also mention that the 
operators p{ ^.(e°'^,0, si) and pi^ _fe(e“^, 0, S 2 ) corresponding to the action of the A 
subgroup of G commute. 

One can write down the expressions for the Lie algebra generators. As we can 
see, the generator which is responsible for the action of the ” i?-subgroup” has the 
form: 

7 p 27 T 

(26) Tbf{x,Xo) = — p{f,{l,eb,0) = X{u)b{u)e^^^'^~'~^°du. 

W£|e=0 Jo 

It is well-defined for all the functionals f{x,xo) G Hi such that e^°f{x,xo) G Hi. 
However, the a-subgroup generators are more peculiar: 

(27) D,,^fix) = ^ pl.fc(e“,0,0) = 

asU=o 

/•2’r 1 , d 

(ik / a(u)dx{u)-\ -/ a {u)dx{u))f{x)— f(x-\-ea,xo + eao). 

Jo 2.t Jo deU=o 

Therefore the action of the Lie algebra element is defined only on the set of 
weakly differentiable functionals, which form a dense subset in Hi. In the notations 
of variational calculus, one can introduce the operators: 


Da,k{o) = ao-z - 1 - / ol{u) -. du-G — / a'{u)x'{u)du + 

0x0 Jo ox[u) 2 t Jo 


ik / dua{u)x'(u)du, 


(28) 


n = 


A(u)5(u)e“°+^(“)du. 


One can see that (28) satisfies the needed relation: 


(29) 


[TIai ,/c, ,fc] — 2ik 



a'i{u)a2{u)du, 


[Da,k, Tb] = Tab- 


Finally, let us consider the following two semigroups of G-i-, G_ G G, such that 
they consist of group elements g{e°‘,b), where h{u) > 0 or h{u) < 0 for all u cor¬ 
respondingly. The following statement will be important will be important for the 
construction of loop F-function in the next section. 


Proposition 3.3. Let ImX,ReX G L^([0, 27r]; R). Then (25) defines a representa¬ 
tion of the semigroup G+ (resp. G-) if ReXfu) < 0 (resp. A > Oj on [0,27r]. 
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In the following we will denote the representations of G+, G- the same way, namely 
p{,k- 


3.4. Irreducibility and classification of unitary representations. In Sec¬ 
tion 2, we learned that the irreducible unitary representations of G turn out to be 
equivalent to either R±i or Tp. In the loop case the following weaker result holds 

[33]. 

Theorem 3.4. Representations such that A(u) = A G R\0 of G (Go) on Hi 
(Hi ), are irreducible. 

One can prove that if i\ is either a positive or negative function from T^([0, 27r], R), 
the representation p\ ^ is also irreducible. However, if A(u) = 0 Px i. reduces to the 
representation of the H-subgroup, i.e. the representations of the loop Heisenberg 
group. It is not irreducible since j,(e“b 0, s), 0, t)] = 0. To author’s 

knowledge the classification of the unitary representations of the loop Heisenberg 
group is not yet known (see e.g. [7] for review of the subject). The same argument 
as in Theorem 3.4, shows that if X{u) = 0 for m G [a, b] the representation p(^ ^ is not 
irreducible. Therefore, we make the following conjecture about the classification 
of the irreducible representations of G. Hence the irreducible unitary representa¬ 
tions of G which we considered, are either equivalent to the representations of the 
H-subgroup, or equivalent to the representations p]^^., where iX G L^([0, 27r], R) is 
strictly positive or negative function on [0, 27r]. Moreover, we know that p^^ k 
Pei\ k equivalent to each other if ^ G Gq g[0, 27r]. Therefore, an interesting prob¬ 
lem to study is the classification of all finite-dimensional representations of G. A 
reasonable conjecture (by analogy with the finite-dimensional case) would be that 
the three discussed classes of representations, namely p’'^ f. for positive and negative 
A and irreducible unitary representations of the loop Heisenberg group exhaust all 
irreducible unitary representations of G. 


4. (Loop) F-function and the action of the affine loop group 

4.1. Fourier transform for the classical Wiener measure. In this section, we 
consider the generalizations of the formula relating the action of the group G and 
the F-function (see Section 1). In particular, we introduce a new object, which we 
will refer to as the loop T-function. In order to do that one needs to construct the 
generalization of the Fourier/Laplace transform in the case of the Wiener measure. 
We have already seen a unitary transformation on the space for the abstract 
Wiener measure, called the Fourier-Wiener transform, but we will choose another 
transformation here. 

Let us consider the following transformation on the Hilbert space H (*: 

(30) d^f{p)= [ e*-^o'p(“)"’(“)'^"/(x)du;^(x), 

JCo,o[0,2tv] 

where p{u) G G[0, 27r] and p(0) = p(27r) = 0. Unlike the usual Fourier transform 
for the Lebesgue measure on the real line, the transformation R is not a unitary 
operator. 
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Proposition 4.1. The operator T is a compact normal operator on with no 
zero eigenvalues. 

Proof. The general condition [2] for the general integral operator 
K : L'^{X,dp{x)) —>■ L‘^{Y,dv{y)), such that 

(31) Kf{y)= f K{y,x)dy{x) 

Jx 

to be compact, is that f f lK(x,y)l^dfj.(x)diy(y) < oo. In order to prove that 
it is normal, i.e. XX* = X*X^ one just needs to write explicitly the resulting 
expressions and then use the Fubini theorem. To show that the operator X has no 
nonzero eigenvalues, one needs to use the fact that the exponentials of the form 
g/o “ (u)dx{u) ^ where a{u) is absolutely continuous, form a dense subset in 77° [17], 

■ 

Taking into account that is a normal operator and using the polar decomposition 
theorem, one can decompose it as = Uj^K, where Ujr is a unitary operator on 
77° and K is a compact self-adjoint operator, such that K = \/XX*. 

It is obvious that the operators X and Ujr can be continued to the space Hi. At 
the same time, we define another unitary operator F, which is a standard Fourier 
transform with respect to measure dxo- One can show that X and F commute. 

4.2. Loop F-function. Let us consider the following expression: 

(32) p\l{e‘^As) = Urp\^^{e‘*,b,s)U*^. 


Since Ux is unitary, defines an equivalent representation of G on Hi. Because 
of the results of subsection 4.1, on the image of K, one can rewrite it as follows: 

(33) (e“, s) = s)X*K-\ 

Here K is a fixed self-adjoint operator, so we are interested in the object Xp\f^ (e“, h)X*. 
We consider the case when (e“,6) in G+ and 7mA = 0, ReX{u) > 0. Let us write 
it down explicitly: 

M.fc(e“,6,s)-F7(a^,^o) = 

Jo"' °‘'(u)a'{u)du / ^-ijg^(p(u)x{u))du^-^jg^a'(u)dp{u) 

Jco,o[0,2Tr] 

a(u)dp(u) A(«)6(«)eP(“)+”’o du 

(34) [ e*/o'(P(“)+“(“)^(“)''V(y,a;o + ao)d7(y)d7(p). 

^ 0,0 [0,27r] 

Using the Fubini theorem, one can rewrite it as follows: 

^p\,k{e°',b,s)X* f{x,xo) = 

7Co,o [0,271-] 
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where 

(36) ,(x - y, xo) = " «'(“)“'(«) 

f g* lo"" P(“)(2;(«)-y(“))d'i‘g/o^”' A(u)t)(u)e*’(“^+‘*Odu 

dCo,o[0.2Ti-] 

a(u)dp(u) 

In the case when a is twice differentiable, one can see that the object ^{z, xq) 
up to factors independent of x,y \s a. particular case of the following functional: 

JCo,o[0,2-k] 

where Rez,Imz G L^([0, 27r]; R), /r G i^([0, 27r]; R). We will call f^(z) the loop 
Gamma function or simply T-functional. It has the following properties [33]. 


Theorem 4.1. 

i) t'fj^i^z) is well defined for any Rez,Imz G L^([0, 27r]; R), p G L^([0, 27r]; R) and 
fi{u) >0 on [0, 27r]. 

ii) The following relation is valid: 

p27T p2-K 

/ g{v)yL{v)t ^,{z + 5y)dv = / g{v)z{v)dvf ^,{z) + 

1 /*27r c 

<“> il 

where g{v) is any twice differentiable function on [0, 27r], such that g{0) = g(27r) = 0, 

6v = S{u — v) is a delta-function on the interval [0, 27r] and 

fo'' “”2/ continuous function 

Proof. An important step in the proof is the consideration of the infinitesimal 
form of the translation invariance. Let / G 77° such that it is weakly differentiable. 
Then we have the following property: 


(39) 


'Co,o[0.27i-] 


g-S So"' e^s'(t')9'(“)d«+7 If"’ eg''{u)x{u)du (3;) = 



where g G Cq q[0, 27r]. This is just the translation property (the translation is with 
respect to function eg), where e is some real parameter. Then, if we differentiate 
with respect to e at zero, we obtain the following formula: 


/Co,o[0,27r] 


/I \ 

[j J g''iu)x{u)dujf{x)dwl{x) 


/co,o[0.27r] de\,=o 


f{x + eg)dwl{x). 


(40) 
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Let US apply this property to the integrand of the L-functional, i.e. let f{x) = 
F{x,z) = Then we have: 


J g"{u)x{u)dujF{x, z)dwQ{x) 


(41) 

and 


JCo,o[ 0 , 27 r] ^ C Jo 

1 /*27r c 


F{x + eg, z)d'wl{x) = 


-[ - 

dco,o[o.27i-] de\ 

— ( ( f g{v)z{v)dv — f fi{v)g{v)e^^'"^dv\F{x,z)dwl{x) 

JCo,o[o,2tv] ^Jo Jo ' 

p27r p27T 

(42) - g{v)z{v)dvtf_,{z)+ g{v)g{v)t{z + 6y)dv. 


Therefore, combining (40), (41) and (42) we obtain (38). 


The property ii) from the theorem above is a natural generalization of the 
property of the ordinary T-function: r(2: + 1) = zV{z). We notice, however, that 
there is also an extra term, depending on the t-parameter, related to the choice of 
the measure. So, the proper analogue of the functional T would be the ’’regularized” 
T-function: 

(43) r^,t(2:) = [ e^^e~^dx, 

Jr 

where G i?+. It satisfies the equation 

. ^ ^ , X IdT(z) 

(44) gr^^t{z + l) = zT^^^tiz) - 

This function is well defined for all complex values of z. Its relation to the original 
T-function can be obtained by considering t —>■ oo limit: 

(45) lim Tfj, t{z + 1) = g~T{z). 

t—^OC 

Also, we note here that this function can be related to the matrix elements of the 
representations of G (see Section 2) if we would consider the Gaussian measure 
instead of the Lebesgue measure on the real line. 


5. Representations of A and /C 

5.1. Definitions. In this section we consider the following *-algebras, which we 
denote A and 1C that are the affine analogues oi A, 1C, considered in Section 2. The 
first algebra is close to the Lie algebra of a loop ax + 6-group (see Section 3), which 
is generated by hn, e^, n G Z, so that the generating ’’currents” are: 

(46) h{u) = h-ne^^A e±(u) = 
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and obey the following commutation relations, expressed via the generating func¬ 
tions: 

[h{u),h{v)] = 0, [e=^(u),e=^(u)] = 0, [e=^(M), e'F(u)] = 0, 

(47) [h{u),e^{v)] = ±iS{u — v)e^{v), e^{u) ■ (u) = 1. 

The *-structure is such that h{u), e^{u) are Hermitian, i.e. 

(48) h{u)* = h{u), 6 ^( 11 )* = 6 ^( 11 ). 

The algebra 1C is generated by , n £ Z, it has similar commutation relations, 

but a different *-structure: 

h{u) = Y, a^iu) = Y a-ne”“, 

n n 

[h{u), h(v)] = 0, [a^(u), q:^(u)] = 0, [q:^(m), a^(?;)] = 0, 

[h{u), q:^(u)] = =F^('u “ v)a^(y)^ {u)ar^{u) = 1, 

(49) h{u)* = h{u), a^{u)* = a^(M). 

Using Gaussian integration on Hilbert spaces, in the next subsection we will con¬ 
struct some representations of these algebras. 


5.2. Construction of representations. In order to construct the representations 
of A and K, one can use the Gaussian measure on a Hilbert space (see Appendix). 
Let us consider the Fourier series of a function from 

(50) x(u) = ^ xo G M, x* = a:_„. 


Let us introduce two quadratic forms defining two types of trace-class operators on 
L^(>S'^,R), which will determine the appropriate Gaussian measures: 


Ba{x, x) = -YL ^XnX-n + ^ 


- 1„2 
0 ’ 


n>l 


(51) 


Bk{x,x) = 




n>l 


where > 0 for all n and < 00 . The Gaussian measures we are interested 

in, heuristically can be expressed as follows: 

00 

dwA = (Vdet(27riV^))“^e“-®'^*^“’“)dxo {^dxn A dx-n], 

n —1 

00 

(52) dwK = iVdet{2TTNK))~^e~^‘^^'^’'^'^d(j) [^dxn A dx_„], 

n—1 

where Na,N]^ are trace-class diagonal operators determined by the quadratics 
forms (51). Here as before the range for cj) is [0, 27r]. Literally the difference between 
two measures is that in the second one we compactified the zero mode xq on a 
circle with parameter (/) for dwK ■ Hilbert spaces of square-integrable functions with 
respect to these measures are denoted in the following as Ba and Bk- 

Let us construct the unitary representations of A and /C-algebras in the Hilbert 
spaces Ba and Bk, correspondingly. 
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We will explicitly define the operators, which will represent the generators. Let 
us start from ^-algebra. First of all, let us extend the index of to all integers, 
so that ^-n = n £ Z. We need the following differential operators: 

(53) — ^{dji n); 

where = g|-. These operators are formally conjugate to each other, 

(54) al = 6_„, 

being considered on a certain dense set i.e. functions which are the sums of 
monomials 

n m 

(55) 

k—l s—1 

where (,) is the standard L^(S'^, R) pairing and /ifc, Afc are trigonometric polynomi¬ 
als. We define the operators hn as follows: 

(56) h—n = —(fZ_yi b—ji') = i{On n)- 

Hence, on a dense set h* = h_„, so that the current h{u) = X^nez 
Hermitian. Also, note that Hermitian currents h(u),x{v) generate the infinite¬ 
dimensional Heisenberg algebra: 

(57) [h{u),x{v)] = iS{u — v). 

We also define the currents e^{u)-. 

(58) e^{u) = 

It also follows that they satisfy the commutation relations (47). One can show 
that for any u are Hermitian operators, considered on the dense set 

Therefore, this gives a unitary representation of A-algebra. 

Similarly one can construct the unitary representations of /C-algebra. Let us 
consider the dense set D\ in Hk of the following form: 

n m 

(59) 

k—l s—1 

where are trigonometric polynomials without the constant term and x^{u) = 
4> + J2n^o The currents h{u), a^{u) are defined by the following formulas: 

h{u) = ^ i{dn - h;r^a:_„)e““ -b id^, 

n^O 

(60) a^iu) = 

It is possible to introduce operators ambn and define them by the same formulas 
as in (53) for all n 0. For n = 0 we put oq = &o = idif,. Therefore, the elements of 
the form a ■ vq, where iiq = 1 G Jix and a belongs to universal enveloping algebra 
of 1C and the action of the generators is given by the formulas (60). Such elements 
generate a dense set in T-Lk, which is a unitary representation of ^-algebra. 

An important notion which is necessary for our construction is the correlator 
associated with the representation. 
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By the correlator of generators of ^-algebra (resp. Xl-algebra) we 

mean the following expression: 

(61) < Ti...Tn >= (vo,Ti...TnVo}, 

where the pairing (,) is of the Hilbert space 'Ha (resp. Hk), vo is the vector 
corresponding to the constant function 1 and Ti,...,Tn are the generators 
(resp. hn,a^). 

We remind that = ^(a„ + bn). It is crucial for the following, that the 
correlators 

(62) < Ti...Tnak > , < bkTi...Tn > 

vanish for any generators Ti,...,T„, as a simple consequence of properties of the 
Gaussian integration. 

It is natural to call operators a„ annihilation operators and bn creation oper¬ 
ators. This allows us to define the normal ordering. Namely, when we write down 
the expression : Ti...Tn ■ for the product of n generators, we reorder them in such 
a way that the creation operators will be to the left and the annihilation ones to 
the right. 

This procedure together with the vanishing of the correlators (62) also gives 
an easy method to compute the correlators: by means of commutation relations of 
generators, one can reduce the products Ti, ...,T„ to the normally ordered expres¬ 
sions. Therefore, the result will reduce to the correlators of the generators or 
ai^. We also note that in the case of A^-algebra the corresponding correlators are 
nonzero only if they have an equal number of a“*" and a~ generators. 

In order to compute the correlators of these generators it is easier to consider the 
appropriate currents instead of modes and use the Gaussian integration. 

There are the following expressions for correlation functions: 

{e+{ui)...e+{un)e-{vi)...e-{vm)) = 

n m n m 

exp( ^ 7 Va(mj,Mj)+ ^ NA{vr,Vs)- EE NA{ukjVi) -I- 

i<r,i,j=i r<s;r,s=l fe=l 1=1 

(63) !^NAi0,0)), 

(a+{ui)...a+{un)a-{vi)...a-{vm)) = 

n n n 

5„,mexp(- ^ NK{ui,Uj)- ^ NK{vi,Vj) + NK{uk,vi) 

k,l=l 

(64) +niVK(0,0)), 
where 

Na{u, u) = 2 ^ cosiniu - v))^n, 

n>0 

(65) Nk{u, u) = 2 cos{n{u - v))^n. 

n>0 

We note here that in the case of correlators of the currents involving not only 
e^,a^, but also hiu), the resulting expression will consist of monomials (64) mul¬ 
tiplied on a certain product of delta-functions, coming from commutation relations 
of 1C, ^-algebras. 
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We have shown above, that using the Gaussian measure, one can construct 
unitary representations of A, ^-algebras. However, it is possible to simplify those 
representations by making at commute with bg for any k and s. However, the 
resulting module will not be unitary, i.e. the pairing though nondegenerate will 
lose its positivity. 

At first, let us give the explicit description of such module for /C-algebra. For 
this we consider the vacuum vector vo, such that vo is annihilated by Uk- 

( 66 ) QkVo = 0 . 

Then the module which we will refer to as Va is spanned by the following vectors: 

(67) 

where ni,..., rir, mi,..., G Z. Let us begin to define the pairing with the pos¬ 
tulation of the points: e{u) = ^ Hermitian current, b{u)* = a{u), so 

that b{u) = a{u) = and 

(68) [6(u), a(w)] = 0. 

The pairing is uniquely defined by the correlator of currents is given by (63). 
Similarly one can define the module Vk for fC algebra with the same conditions, 
just replacing with as a result Vk is spanned by 

(69) bjm-bm.a^^-at^vo. 

One can define the pairing on Vk which is uniquely determined by the correlators 
of currents (64). This pairing is Hermitean and nondegenerate. It gives a 
structure of nonunitary representations of the ^-algebras .4, K. on the spaces Va, 
Vk correspondingly. 

We note here that clearly, these representations are nonunitary, because you 
can easily find vectors u G Va, Vk, such that {v,v) = 0. 

6. Construction of representations for sl{2,M.) 

6.1. Regularization and commntator. In order to construct the s/(2,R) 
representations via A, /C, one has to find an affine analogue of the formulas for 
E,F,H and J®, J^. In the case of nontrivial central extension, the A, JC rep¬ 
resentations appear to be insufficient, one has to introduce the representation 
of the infinite-dimensional Heisenberg algebra, so that the generating current is 
p('u) = commutation relations are: 

(70) [pn,Pm] = 2.KTi5n, — m, 

where k G R>o. The irreducible module, the so-called Fock module of this 
algebra is defined as follows. We introduce a vector vacp with the property pnvacp = 
0, p G R, n > 0 so that 

(71) F„,p = {p_„j...p_„^?;acp; ni,...,nfc>0, povacp = p ■ vaCp}. 

The Hermitian pairing is defined so that 

(72) {vacp,vacp) = 1, p* = p_„. 
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Another object required in this section is the regularized version of the p, h, e^, 
currents. Namely, for any (p, which stands for any of p, h, x(u) or we 

consider 

(73) (p(z,z) = + 

n>0 n>0 

where 2 = re*“, so that 0 < r < 1. We denote e^(z, z ) = and q^{z,z) = 

g±zx (z,z) Wick theorem implies that the correlators of the regularized Heisen¬ 
berg currents ^(zi, zi),p(z„, z„) are finite as long as 0 < \zi\ < 1, i.e. the 
expressions 

(74) {vacp, p(zi, zi)...p(z„, Zn)vaCp) 

are finite. One can consider the limit \zi \ —> 1 in the sense of distributions, so that 

(74) is the sum of products of distributions, i.e. 

2k 

(75) {vacp, p{ui)p{u 2 )vacp) = + P^' 

Next we consider the following sets of composite regularized currents 

(76) J^{z,z) = 

^(6(z, z)a'^{z, z) + a^{z, z)a{z, z)) ± Kdua^{z, z) ± p(z, z)a^{z, z), 

J^{z, z) = 2ih{z, z) — 2Ka~{z, z)dua'^{z, z), 

and 

(77) A(z,z) = 

^(6(z, z)e+(z, z) + e+(z, z)a{z, z)) + induC'^^z, z) + ip{z, z)e+(z, z), 

F{z,z) = 

2 

--{b{z, z)e~(z, z) + e~(z, z)a(z, z)) + iKdue~(z, z) + ip(z, z)e~{z, z), 

H{z, z) = —2ih{z, z) + 2iKe~{z, z)due~^(z, z). 
satisfying the Hermicity conditions: 

E(z, z)* = -E{z, z), F{z, z)* = -E{z, z), H{z, z)* = -H{z, z), 

(78) J^{z,z)* = —J^{z,z), J^(z, z)* = — J^(z, z). 

Then if </>*, denote E,F,H or J^, then the correlators 

(79) {(j)i{zi,Zi)...(l)niZn,Zn))p = {vq ® VaCp, (j)i{zi, Zi)...(l)niZn, Zn)vo ® VaCp), 

are well-defined for 0 < \zi\ < 1. Actually, after the normal ordering procedure 
4>i[zi,zi)...4>n{zn,Zn) will be represented as normally ordered products with coef¬ 
ficients which are continuous functions of iti, where Zi = Therefore, 

the expression ((/)i(zi, zi)...(^„(z„, z„))p will be given by the sum of correlators of 
exponentials or which are well-defined even on the unit circle as we know 
from the formulas (63). Notice, that if only one of the currents 4>k{zk,Zk) is such 
that l^fel = 6*“'", i.e. it lies on the unit circle, the situation will not change. This is 
because during the normal ordering procedure, the commutators of a- and b- parts 
of this generator with other ones again produce continuous functions of ui, ...,u„, 
since all other Zi are inside the unit circle and the normal ordering wouldn’t produce 
any distributions. 
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This allows us to make sense of the commutator of two currents on the unit 
circle. We consider the following limit of the difference of two correlators 

( 80 ) {(j)i{zi,Zi)...[^{ui),r]{u2)].-(j)n{Zn,Zn))p = 

lim (((l)i(zi,Zi)..4{wi,Wi)r]{w2,W2)...4>niZn,Z„))p - 
ri,r2^l 

{(j)l{Zi,Zi)...r]{w2,W2)iiwi,Wi)...(j)n{Zn, Zn))p), 

Then the following result holds (see [11] Proposition 4 . 2 , Theorem 4 . 1 ). 

Theorem 6.1. i) The expression (80) exists in the sense of distributions, more 
specifically the answer will contain a linear combination of delta-functions S{ui — U 2 ) 
and their derivatives. Here (fk stands for E,F,H or Wi = riC^"^', ^(ui) = 

5(e™i,e-“i), r]{u2) ee ^7(e™^e"™"), 

ii) The commutator (80) of the currents ^,r] = E,F,H or ^,r] = J^, exists and 
satisfies the commutation relations for sl(2,M.) algebra with the central charge k: 
[E{u), F{v)] = H{v)6{u — v) — 4ik(5'(m — v), [H{u),H{v)] = SinS'^u — v), 

( 81 ) [H{u), E{v)] = 2E{v)S{u — v), [H{u), F{v)] =—2F{v)S{u — v) 

and 

[J'''(m), J~{v)] = iJ^{v)6{u — u) + 4iK(5'(M — v), 

[J^(u), J^(u)] = —8iK6'{u — v), 

( 82 ) [J3(u), J=^(z;)] = ±2iJ^{v)S{u - v). 


It is important to mention that though we managed to define the commutator, 
based on the regularized commutators, this definition doesn’t provide a representa¬ 
tion, since the correlation functions of E, F, H or J^, do not exist, if more than 
one of the arguments lies on a circle. Then it is clear that the spaces from which we 
started, i.e. Hk ® Fp or Ha ® Fp are not suitable to be spaces for sl{2, IR)-module. 
However, we still have the regularized correlators which obey commutation rela¬ 
tions. If we manage to eliminate divergencies in such a way that commutation 
relations and Hermicity conditions would be preserved, then the correlators will 
determine representation with the Hermitian bilinear form. In the next subsection 
we show a method, how to get rid of the divergencies and redefine the correlator, 
so that it is well-defined when all the arguments are on a circle. 

6.2. Renormalization of correlators and construction of representations 

of sZ(2,R). In this subsection, we will renormalize the correlators with currents on 
a circle for the cases of Va and Vk representations. In both cases the description 
is very similar, so we focus on Vk case and the correlators of J^,J^ currents. 
Generalization to Va and F, F, H goes along the same path. 

In order to renormalize, at first we have to understand what kind of divergencies 
we are dealing with. For that purpose it is convenient to write down the expression 
for the correlator in the graphic form using the Feynman-like diagrams. 

Recall, that the easiest way to compute the correlator for 1C is to reduce the 
whole expression to the normal ordered form, i.e. all the creation operators 6(z, z) 
are moved to the left and all the annihilation operators a(z, z) to the right. 
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Once we move the creation operator b(z, z), which is part of a certain generator 
at the point to the left (or the annihilation operator a(z,z) to the right), it may 
produce the following terms arising from the commutation with the -generator 
of currents on the right (on the left in the case of a{z, z)) of the given generator: 

[a(z, z), a^(w^ tc)] = =Fa^(ri;, w)5{z, w), 

(83) [a^{w,w),b(z,z)] = ±a^{z,z)S{z,w), 

where 6{z,w) = circle, i.e. z = 

e™, w = e™, we get 5{z, w) = S{u — v). We will depict every term of the form (83), 
which we obtain during the normal ordering procedure, as a line from one vertex 
to another: 


S{z, w) 

(84) •-^-• 

Here the initial vertex corresponds to the term containing creation/annihilation 
operator and the terminal vertex correspond to the term containing . The direc¬ 
tion of the arrow (to the right or to the left) indicates whether it was annihilation 
or creation operator. 

At the same time, each generator contributes terms like that 

(85) a^{z,z)a{z,z), b{z,z)a^{z^z). 

They enter the diagram as vertices with one outgoing line to the right or to the left 
and any amount of incoming lines: 


( 86 ) 




Signs ± over the vertices correspond to while we neglect for simplicity the 
dependence on z, z variables. The incoming line in the vertex forms when during the 
normal ordering procedure the creation/annihilation operators from other vertices 
leave the commutator term (83) with at a given vertex. The outgoing line forms 
when the creation/annihilation operator of a given vertex leaves a commutator term 
from another vertex. 

On the other hand, also have terms of the form 
(87) Kdua^{z,z), p{z,z)a^{z,z). 

According to the strategy formulated, we denote the first term from (87) as a 
terminal vertex for graphs, because it contains only a^: 



(88) 
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However the second term from (87) is composite: it has contribution from 
a^{z,z) and p{z^z). We consider this term as a terminal vertex for the graphs 
coming from the normal ordering of a, 6-operators, however, we should add one 
outgoing ’’wavy” line, corresponding to the normal ordering in the Fock space: 


(89) 



Each wavy line produces the term from 2-point correlator (75) and may appear 
only once in the connected graph: it is so, because of the combinatorial formula, 
expressing the Fock space n-point correlator via 2-point correlators. 

Finally, there are terms coming from J^-generator, namely 

(90) \a{z,z), ^b(z,z), 

(91) 2Ka~{z,z)dua'^{z,z). 

According to our conventions, we denote first two elements (90) as initial vertices 
with one outgoing line to the right and to the left correspondingly: 

0 0 

(92) •-^<-• 

Zeros over the vertices represent the absence of contribution from these terms. 
Finally, (91) will correspond to the terminal vertex, because it has neither creation 
or annihilation operators: 


(93) 



However, in this exceptional case we will consider every line as a sum of two terms 
contributing S{z,w), because there are two a’s in this vertex corresponding to the 
term a~{z, z)dua'^{z, z), so we consider contribution of the commutator with each 
of them. Moreover, formally on the circle (if such a limit exists), there can be only 
one incoming line into this vertex, because of the commutation relations: 

(94) [a(u), a'''(p)9„Q:“ (?;)] = [6 (m), Q;“''(?;)i9„a“(i;)] = —S'{u—v). 

Here are two sample diagrams 
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t 




which belong to the expansion of the 6-point correlator 

(95) {J~''{zi,Zi)J~{Z2,Z2)J~{Z3, Z3) J+(Z4, Zi)J~{z 5 , ^5) J+(z6, ^e))- 
Notice that every connected graph contributing to the correlator 

(96) (()>1 (2:1,) ... (^n ; ^n))p ; 

where (f)i = J^, , has at most one loop. Actually, each vertex has possibly many 

incoming lines, but at most one outgoing line. Let us consider the graph with one 
loop. It means that all outgoing lines of the vertices in this loop are included in 
the loop and all other lines are incoming. Therefore none of these vertices can 
participate in a different loop, since all outgoing lines are included in the Hrst 
loop. Let us assume that there is another loop with different set of vertices in 
the same graph. However, since for all vertices participating all outgoing lines are 
’’circulating” inside the loop there is no possibility to make a connected graph out 
of two loops. 

However, we see that each loop diagram, though producing a well-defined ex¬ 
pression for currents inside the circle, in the limit \zi\ —> 1 produce a divergence of 
the type <5(0), since every line in the loop produces delta-function. It is easy to see, 
say in the case of the correlator 

(97) {J~^{zi,Zi)J~{z 2 ,Z 2 ))p. 

When the creation operator from J~ contributes the commutator term (83) with 
the exponent in J~^ and at the same time, the annihilation operator from J~ con¬ 
tributes the commutator term (83) with the exponent in J"*", the following diagram 
is produced: 



and leads to the divergent term (5(ui —U 2 )-S{ui —U 2 ) when considered on the circle. 

The simplest way to regularize correlators to preserve commutation relations is 
to throw away all the loop diagrams. This allows to make sense of the correlators 
on a circle and leads to the following Theorem [11]. 

Theorem 6.2.a. Let us consider the renormalized correlators 
(99) {(j)i{zi,Zi)....<j)n{Zn,Zn))p, 

where (pi = which contain only the tree graph contributions to (96). Then 

the limit 1 (where Zk = of (99) exists as a distribution. Moreover, the 

commutation relation between J^,J^ under the renormalized correlator reproduces 
s/(2,R). Therefore, the correlators (99) considered on a circle define a module for 
s/(2,IR) with the Hermitian bilinear form. 

Proof. To prove this theorem, it is enough to look at relevant contibutions for the 
commutators. It appears that they all come from initial/terminal vertices and their 
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closest neighbors. For example, let us consider the diagram of this sort: 


( 100 ) 



corresponding to the correlator 

( 101 ) (... J~''{zi,Zi)J~{Z2, Z 2 ) ... )p. 


There is a diagram with equal contribution 


( 102 ) 



from the correlator 

(103) (. . . J~{Z2, Z2)J^{zi,Zi) ...)p. 

Therefore, they cancel each other when we take a commutator of J'^{ui), J~{u 2 ), 
since the middle line produces S{ui — U 2 ). One can understand it in the following 
way: the commutator [J“''(mi), J~ (U 2 )] involves J^-term and ^'-term, J^-term con¬ 
tains only initial and terminal vertices, therefore the diagrams, which contribute to 
this commutator should have also or J~ as initial or terminal vertices. As for the 
commutators of with J^, the picture above indicates that only terminal/initial 
vertices and their closest neighbors contribute, because again, all terms in are 
depicted as initial/terminal vertices. Therefore, it is clear that one can cancel all 
loop contributions to the correlators and still the commutation relations of Theo¬ 
rem 6.1 will be valid. However, if all the loops are eliminated, one can consider 
the limit \zi\ —>■ 1, putting all currents on a circle, since all divergent graphs are 
gone. Therefore, we have the well-defined correlators of the generators of 
Lie algebra. One can see that these correlators define a Hermitian bilinear form, 
because after the conjugation one can obtain one-to-one correspondence between 
tree graphs in conjugated correlators. ■ 


It appears that the theorem above can be generalized: instead of eliminating 
loops completely, one can renormalize them, i.e. eliminate the divergence of the 
type 5(0). Namely, one can associate a real number fik with every loop which is 
the contribution of k J^-currents at the points zi,...,Zk- This number enters 
the loop in the following way. Suppose currents J^{zi) appear in the correlator in 
the given order from left to right. Our loop contains the following term 

(104) S{zi,z2) ■ S(z2,Z3). ..6{zk-i,zk) ■ S{zk,zi), 
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where S{z,w) = X]n>o(^'^)” + Sn<o('^^)"- limit |2;fc| — )► 1 we will substitute 

it with the expression 

(105) fik ■ 6 {ui - U 2 ) ■ 5{u2 - U 3 )... 6 {uk-i - Uk), 

where we remind that Zk = This procedure again does affect neither com¬ 

mutation relations inside the correlator nor Hermicity condition for the resulting 
bilinear form, because loops do not participate in commutation relations. There¬ 
fore, we have a new version of the theorem above [111- 

Theorem 6.2.b. Let us consider the renormalized correlators 

(106) {<j)l{zi,Zl)....(j)n{Zn, Zn))p'^'""^\ 

where (j)i = such that the loop contributions to (96) are replaced by their 

renormalized analogues with the family of arbitrary real parameters {/in}. Then 
the limit —?► 1 (where Zk = rkC^'^’^) of (106) exists and the commutation relations 
between J^,J^ under the renormalized correlator reproduce Lie algebra sl(2,R), 
and correlators (106) considered on a circle define a module for s/(2,R) with the 
Hermitian bilinear form. 

Proof. The proof goes along the same lines as in the part a of the theorem. When 
we consider the loop contribution to the commutator, there will be two loop di¬ 
agrams, each emerging from one of the terms precisely as in the pictures (100), 
(101) which again will cancel each other, because of the delta function line between 
two vertices and because there always is one incoming line and outgoing line for 
each vertex associated with the currents, participating in the commutator in these 
two terms. Therefore, the commutation relations are unaffected in the presence of 
loops. It is easy to see that the same applies to the Hermicity condition. ■ 


We mention that in this article the construction of s((2, IR)-modules based on 
unitary modules of /C-algebra is not considered. The renormalization procedure in 
that case is very similar, the difference is that there are several tree diagrams in teh 
expansion of correlators, which also require renormalization procedure. For more 
details on the treatment of unitary representations of unitary modules of /C-algebra 

one can consult [ 11 ]- _ 

Finally, it is important to remark that the realization of s/(2,R) from Section 
6.1 can be generalized in the higher rank case via multiple /C-algebras leading to 
the formulas similar to (76), (77) (in the case of quantum group there is a close 
construction using algebras of quantum planes [19], [20]). It will be a pure technical 
problem to modify Theorem 6.2.a and 6.2.b in the case of a higher rank. 

Appendix: Classical Wiener Measure and Gaussian Integration on 

Hilbert spaces 

A.l. A brief review of the abstract approach to Wiener measure. In this 
section we collect all the necessary facts about the Wiener measure. For a more 
detailed exposition of this subject one can consult [23], [17], [14], [24], [8]. 

The abstract Wiener measure is the Gaussian measure on a Banach space with 
certain properties. The construction is as follows. We start from the Hilbert space 
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% and consider a Gaussian measure associated with the unital operator and the 
norm || • || on the Hilbert space, such that heuristically measure can be represented 
as follows: 


(107) 


dw* 


ii^ir 


[da;]. 


However, this Gaussian measure is not cr-additive. In order to make it cr-additive, 
one has to consider a weaker norm j • j with certain conditions on it with respect to 
measure dw*. Then one can consider a completion % with respect to the norm j • j. 
This will give a Banach space B. Now the Gaussian measure dw* can be extended 
to the Banach space, where it becomes cr-additive. 

The important example, which we will consider in the next subsection, is 
constructed as follows. Let us take the Hilbert space Cq[Q,27t] of real-valued 
absolutely continuous functions, such that a;(0) = 0 for any x G CQ[0,27r] and 


{x'(u))^du < oo. The inner product is given by: {xi,X 2 ) = x[{u)x2{u)du. 

Then one can consider the weaker norm on this space: |a;| = sup„g[o,2ir]2^(^)- The 
completion of Cq[ 0, 27r] with respect to | • | is the Banach space C'o[0,27r] of real¬ 
valued continuous functions such that a;(0) = 0 for any / G Cop, 27r]. 

It appears that the norm | • | satisfies all necessary properties and therefore there 
exists a cr-additive Gaussian measure dw* on Co[0,27r]. This measure is called the 
classical Wiener measure. In the next subsection we will give its direct construc¬ 
tion, using another approach. 

A.2. The construction of the classical Wiener measure and its basic 
properties. Consider the space of continuous functions Co[0,27r]. Let Cq,x[ 0, 27r] 
denote the closed subspace of Co[0, 27r], consisting of real-valued continuous func¬ 
tions such that a:(27r) = X for some A G K. 

The following subsets of Co[0,27r] are called cylinder sets: 

(108) {x G Cop, 27 r] : x{ti) G Ai, ... ,a:(T„) G A„, 0 < n < ... t„ < 27 r}, 

where Ai, A 2 ,... A„ are Borel subsets of R. 

The Wiener measure with variance t > 0 is defined on the cylindrical sets of Co[0, 27r] 
as follows: 


27r 


‘(x(ti) G Ai, . . . ,x(t„) G An) = 


(109) 


/ ... Ut{Axi, Ati) . . .Ut{AXn,‘^Tn)dxi . . .dXn. 

J.Ai Ja„ 


The conditional Wiener measure of variance t > 0 is defined on the cylinder sets of 
Co,A:p,27r] as follows: 

Wxi.xi.Ti) € Ai,... ,a:(r„) G A„) = 


( 110 ) 


/ ... UtiAxi,ATi) . . .UtiAXn,ATn)dxi . . .dXn-l, 

JAi Ja,,-! 


1 

where Utix,s) = stands for the Lebesgue measure on R, Axk = 

Xk - Xk-i, Axk =Tk - Tfc-i, xo = 0, To = 0. In the case ii) a;„ = X,Tn = 2 tt. 

It appears that the resulting measures are cr-additive and moreover r(;*(Co[0, 27r]) 

1, <(Co.aP,2t]) = ut(A,2T). 

One can show that the description of the Wiener measure that we gave in 
subsection A.l. and the one introduced in this subsection agree (see Section 1.5. of 
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[23]). Now we want to relate spaces with respect to the Wiener measure and the 
conditional Wiener measure. In order to do that, notice the following property. If 
/ is an integrable function on Co,a:([ 0, 27r]) for almost all X, then by the definition 
of the Wiener measure one has: 

(111) [ f{x)dw*{x) = [ ( [ f{x)dwx{x))dX. 

JCnf0.27rl JR ^ JCn.x\0.2Tv] ' 


Therefore, the Hilbert space of square-integrable functions with respect to dw^ 
decomposes as a direct integral: 

( 112 ) L^Co[0,2TT],dw*)= L^{Co,x{[0,2TT]),dw*x)dX. 

Jr 

The Wiener measure and the conditional Wiener measure have translation 
property. Let us describe this property in detail. 

Let / be an integrable function on C'o([0, 27 r]) and y G ^(,[0, 27 r], then 


(113) 


/Co[0,27r] 


f(x)dw\x) = 


/ f(^x + y)e~^ So" y'My'M'^'^dw*{x), 

dCo[0.27r] 


where y'{u)dx{u) is the Stieltjes integral. 

If / is an integrable function in Co,a:([ 0 , 27 r]) and y as above, such that y( 27 r) = 
Y then. 


(114) 


/ f{x)dwx+Yix) = 

' Co.x+y [ 0 , 27 r] 

f fix + y)e-^J't y'{n)dx{u)-Jj y'My' 

!Cq,x [0,27r] 


The space of Wiener measure translations, i.e. C'g[ 0 , 27 r] is usually called the 
Cameron-Martin space. 

One can define a unitary operator on Lf space for any abstract Wiener measure, 
which is similar to the Fourier transform. We will need it only in the case of measure 
dwQ on Co,o[27r]. The formula is as follows: 


(115) 


Ff{y)= ( fix + iy)dwl\x). 

dCo,o[0.27i-l 


Here / G L^(C'o,o[ 0 , 27 r], dwg). The inverse transformation is given by the changing 
sign of y in the formula above. 

A.3. Gaussian integration on Hilbert spaces. In this subsection we recall 
a few basic facts and formulas, for more information, see e.g. [3], [23]. Suppose 
we have a real separable Hilbert space H with the orthonormal basis {e*}, i G N 
and the pairing (•,•). Every element x of this Hilbert space can be expressed as 
X = Xie\ Let us introduce positive real numbers Ai, i G N, so that Ai < oo. 
Then one can say that the numbers Ai define a diagonal trace class operator A on 
our Hilbert space. Than it appears possible to define the sigma-additive measure 
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dfXA on H and heuristically express it as follows: 

(116) d^A{x) = {V det 2 'kA)~^ ■ 

which can be thought as the infinite product of 1-dimensional Gaussian measures 
for each i: d^i = y/ 2 TrXi . 

Since it is a sigma-additive measure, one can define the space of square-integrable 
functions L^{H,diiA) with respect to it. One of the basic formulas is the transla¬ 
tional shift in the measure. Namely, if & € ImA, then 

(117) J fix)dfiAix) = I fix + b)e-^<^’^~"^^-<^’^~"’’>dfiAix). 

One can consider also an infinitesimal version of this formula. Making b infinitesimal 
and parallel to e^, we obtain that 

(118) J Difix)diJ,Aix) = 0 , Di = dxi - X~^Xi, 

if dxif{x) € dfiA)- It should be noted that the following monomials 

k 

(119) ([](«*, 

i=l 

where Oi, /3 are the elements of the complexified Hilbert space, are always integrable 
with respect to d^A, moreover, they belong to L^(i7, d/r^). There is an explicit 
formula for the integral of the function (119), which can be derived from the simple 
result: 

( 120 ) J e^^’^^dnAix) = 
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